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A theory for an equation of state for simple fluid mixtures valid both near to and far
from critical points is presented. The base equation of state obtained from integral-equa-
tion theory using the mean-spherical approximation is used to compute the contribution
of short-wavelength fluctuations to the free energy of the fluid mixture. Wilson's phase-
space cell approximation, as extended by White, is used to compute the contribution of
long-wavelength fluctuations. The resulting theory possesses nonclassic critical expo-
nents similar to those observed experimentally. Far from the critical region, where long-
wavelength fluctuations are not important, the theory reduces to that corresponding to
the base equation of state. The complete theory is used to represent the thermodynamic
properties and phase behavior of binary mixtures of methane, carbon dioxide, and n-
butane. In the critical region, agreement with experiment is dramatically improved upon,
adding to the base equation of state corrections from long-wavelength fluctuations.

Introduction

The thermodynamic properties of fluid mixtures are of
much interest in chemical engineering, primarily for the de-
sign of separation operations. These properties are often pro-
vided through a phenomenological equation of state such as
the Redlich-Kong-Soave or Peng-Robinson equations. By a
suitable adjustment of the equation-of-state constants, these
equations tend to perform fairly well far from the critical
points of the fluids; however, they yield poor results near the
critical point. While renormalization-group methods have
been successful in describing the behavior of systems near
critical points, much of the work in this area is only applica-
ble to the region asymptotically close to the critical point.

For engineering applications it is desirable to have an
equation of state that is accurate both near to and far from
the critical point. One method for obtaining such an equation
is to splice together the known behavior of fluids asymptoti-
cally close to the critical point, with an equation of state that
works well far away from the critical region. An equation of
state using this approach is typically referred to as a crossover
equation of state as described for pure fluids (Chen et al.,
1990; Kiselev, 1990; Kiselev et al., 1991; Kiselev and Sengers,
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1993; Kiselev and Kostyukova, 1993). This approach has been
extended to binary fluid mixtures of type I (Leung and Grif-
fiths, 1973; Jin et al., 1993; Povodyrev et al., 1996; Kiselev,
1997), as well as other types of mixtures (Anisimov et al.,
1995a,b, 1996; Cheng et al., 1997). Regrettably, several pa-
rameters are required to fit experimental data for each sys-
tem.

Another method, known as hierarchical reference theory
(Parola and Reatto, 1984, 1985; Meroni et al., 1990), is to
reformulate liquid-state theory to take into account density
fluctuations on successively larger length scales. This method
has been applied to Lennard-Jones fluids and to fluids with
three-body interactions (Meroni et al., 1993). The hierarchi-
cal reference theory has also been extended to fluid mixtures
(Parola and Reatto, 1991, 1993). However, because this
method is computationally intensive, it is not suitable for typ-
ical engineering applications.

Wilson (1971a,b) introduced the phase-space cell approxi-
mation for the semiquantitative analysis of the behavior of
systems near the critical point. This procedure yields (Wilson,
1971b; Wilson and Fisher, 1972; Grover, 1972; Grover et al.,
1972; Salvino and White, 1992) an equation of state with non-
classic exponents close to those observed experimentally
(Sengers, 1991). Table 1 compares nonclassic and classic ex-
ponents obtained by commonly used analytical equations of
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Table 1. Critical Exponents for a Simple Fluid

B Y 8 v |
Expt.* 032-039 13-14 4-5 0.6-0.7 0.1
Classic 0.5 1 3 0.5 0

Wilson and this work  0.34** 1227 48**  06r  0F

*From Sengers (1991).
**From Salvino and White (1992).
"From Wilson (1971b).

state. The phase-space cell approximation yields the exact
(Wilson and Fisher, 1972) critical exponents to first order in
the € = 4— D expansion (where D is the dimension of space)
and gives the exact exponents for the n-component spin model
in the limit when the number of spin components approaches
infinity (Ma, 1976).

White and coworkers (Salvino and White, 1992; White and
Zhang, 1993, 1995, 1997) extended the range of applicability
of the phase-space cell approximation to regions of the phase
diagram beyond the critical regime. The resulting theory is
computationally efficient and agrees well with experimental
data for the equation of state in a broad region around the
critical point for various pure fluids. Recently, this method
has been extended to a larger region around the critical point
(White and Zhang, 1997; Lue and Prausnitz, 1998).

In this work we extend this method to multicomponent flu-
ids. First, we recast the partition function in terms of a func-
tional integral. In addition, we discuss how different approxi-
mations to the functional integral lead to various well-known
models of fluids. We present the basic ideas of the approxi-
mate renormalization method. We discuss our implementa-
tion of White’s global renormalization scheme to fluids. To
illustrate its engineering utility, we apply the theory to binary
fluid mixtures of methane, carbon dioxide, and n-butane. Fi-
nally, we summarize our findings and give some concluding
remarks.

Field Theory for Simple Fluids

Consider an open multicomponent system consisting of w
components at absolute temperature, 7, species chemical po-
tential, u,, and total volume, V. We specify that the fluid’s
molecules interact with a spherically symmetric pair poten-
tial, u,,(r); further, each of the molecules interacts with an
external field, e (r). The grand partition function, =, of this
system is given by (Hansen and McDonald, 1986)

< d exp(B“’uNa)
E= Y . ¥ o lhe )
N;=0 N,=0 © NO'!AB,UN
5 B
szd r.,eXp _E Z uay(raj_ryk)—BZea(raj) ’
Tt aj* vk aj

1)

where r is the center-to-center distance between molecules;
B =1/kgT); kg is the Boltzmann constant; N, is the num-
ber of particles of type o; r,; is the position of the jth
molecule of type «; and A, is the thermal wavelength of a

molecule of type o.
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We divide the interaction potential, u,,(r), into a refer-
ence contribution, ufyf(r), due mainly to repulsive interac-
tions, and a perturbative contribution, «/, (), due mainly to
attractive interactions [i.e., u, (r)=u;(r)+u, (r)]. The
grand partition function can be rewritten (Negele and Or-
land, 1988)

=lv]=[T1D,() %(.)exp{ - —;— }: [drdro, (r)o,,
X(r=r)p,(r')+ gfd%pa(r)va(r)
T [+ 0 T8]) @)
where i =v/—1; 1,(r) = Bl u, — e, ()] v,,(r) = Bu, (r); and

Erf is the grand partition function for the reference fluid;

1

=lv]= ¥ - ¥ 1
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3

The boldface indicates a particular property for all compo-
nents. For example, » represents the set {»,, v,, ..., z }. In
Eq. 2, the symbol [T, Dp,(+) D¢, (-) indicates a functional
integration, where p,(r) and &,(r) are the integration vari-
ables, and the range of integration is over all possible “shapes”
of these functions. The function p,(r) can be interpreted as
the instantaneous density distribution of molecules of type o
in the system; the function ¢, (r) can be interpreted as a po-
tential field felt by molecules of type ¢ that is generated by
the perturbation potential of all the molecules in the system.

For all but a few oversimplified interaction potentials, ap-
proximations are needed to evaluate the functional integral
in Eq. 2. If the saddle-point method (Negele and Orland,
1988) is used to approximate the value of the functional inte-
gral, the Helmholtz energy per unit volume of the system, f,
becomes

F=f" = Y, pupye (4)

oy

where f™ is the Helmholtz energy per unit volume for the
reference system; p, is the density of component « in the
fluid; and a,., is the interaction volume between molecules
of types « and vy, given by

1
am/=—§fd3m’ay(r). (5)

Equation 4 has the form of the classic van der Waals equa-
tion. The saddle-point approximation neglects the contribu-
tion of density fluctuations of all wavelengths that are not
already accounted for by the reference system.
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We can add fluctuation corrections to the saddle-point ap-
proximation by expanding the exponent of the integrand of
the functional integral in Eq. 2 in a Taylor series in the fields,
&,, and neglecting terms higher than second order. The re-
sulting functional integral can be performed analytically. This
approximation, also known as the Gaussian approximation,
yields (Negele and Orland, 1988):

=friy 2[

1ndet[1+u(q))}”f(q)] (6)
where

XG) = Pa by + PR ()b, (7

Here A% is the total correlation function between compo-
nents « and y in the reference fluid. The symbol = denotes
the three-dimensional Fourier transform of a function. Equa-
tion 6 is the well-known random-phase approximation (RPA)
(Andersen and Chandler, 1970; Chandler and Andersen,
1971). If the reduced perturbation potential, v, (r), is chosen
such that the pair-correlation function is equal to zero inside
the hard core, the RPA becomes the optimized random-phase
approximation (ORPA) (Andersen and Chandler, 1972).

Several “conventional” theories adequately describe the
behavior of fluids far from the critical region. These include
the cubic equations of state based on the mean-field approxi-
mation, liquid-state theories based on integral-equation the-
ory such as the hypernetted-chain equation, the mean-spheri-
cal approximation, and perturbation theories.

Far from the critical point, the correlation length, £, is
small, on the order of magnitude of molecular dimensions.
For distances exceeding £, molecules in the fluid are essen-
tially uncorrelated. Conventional theories perform well in this
regime because ¢ is small; only correlations between a few
particles contribute significantly to the free energy.

However, as the critical point is approached, the correla-
tion length increases, diverging to infinity. An increasing cor-
relation length means that correlations between larger and
larger numbers of molecules make an increasingly significant
contribution to the properties of the system. Most of the
common approximations in liquid-state theories are not ade-
quate to accurately describe correlations between large num-
bers of molecules: therefore, they perform poorly in the criti-
cal region.

As discussed by Sengers (1991), neglect of long-wavelength
fluctuations results in a theoretical free energy that is ana-
lytic at the critical point, and therefore does not show the
correct behavior in the critical regime. To include long-wave-
length fluctuations, Wilson (1971a,b) constructed an approxi-
mate renormalization-group method.

Long-Wavelength-Fluctuation Corrections

The first step toward including the contribution of long-
wavelength fluctuations to the free energy is to divide the
free energy into two parts: a short-wavelength contribution
that can be described satisfactorily using conventional
liquid-state theory, and a long-wavelength contribution that
must be computed using a renormalization-group method.
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We divide the reduced attractive interaction potential into
a short-wavelength, v{}), and long-wavelength contribution,

u(’ ) (Ivanchenko and Lisyansky, 1992, 1995; Ivanchenko et al.,
1992)

(@) =[09)ay (@) =[]0y () (8)

The definitions of o) and U(I,y) are arbitrary, provided
[6)],,(¢) rapidly approaches & 1(q) when ¢ > 2#n/L, and
(o1 1(q) rapidly approaches ,'(¢) when g <2w/L. The
length L is chosen such that contrlbutlons from fluctuations
of length scales less than L can be adequately calculated by
standard approximation methods, such as the Gaussian ap-
proximation.

We choose the following form for the long-wavelength in-

teraction potential
000(q) = = 2By, + G B Lo 9)

where a,, is given in Eq. 5, and {,, denotes the range of the
attractive interaction potential

L= fd3 (). (10)

With the division of the perturbation interaction potential
into two parts, we can divide (Ivanchenko and Lisyansky, 1992,
1995; Ivanchenko et al., 1992) the density field, p,(r), into
two contributions: p{"’, which consists primarily of long-wave-
length components (i.e., wavelengths greater than L), and
0%, which consists primarily of short-wavelength components
(i.e., wavelengths shorter than L). Introducing these new
variables into the partition function (see Eq. 2), we find

1
== [ L1900 =3 X [t rbd (=)
ay

X () + L [dro(r)n(r) = ] ,,m]}, (1)
where

exp{ — F[ p?]} =

men DpL( ) D, (7)
exp{ - = Z fd3rd3rp(j)( )U“)(r =r)p(r')
+ X [l (r)(r)

I [ 00 - O] )+ L)) (12

0=[T1 :opg<-)exp{—§ / d3rd3rba(r)u¢,y(r—r')py(r')}
(13)
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1
0" = [ T1 90, (Jewp] = [, (et ), ()]
(14)

1
0= [I1 iDPU(‘)eXP{—E J d}rdSrm(r)vf;;’(r—r');w')}.

(15)

Density profiles p{’(r) have no small-wavelength compo-
nents. The functional F accounts for short-wavelength
fluctuations but not for long-wavelength fluctuations.

To evaluate F, we need to make further approximations.
We introduce the local-density approximation,

§OLpl= [df O (p(r)), (16)

where ¢ is the free energy per unit volume for a uniform
system.
If we completely neglect the contribution of the short-

wavelength portion of the attraction potential (i.e., if we
choose [6¥]_}(q) = 0), we find
f(s) -~ frcf. (17)

This is the form White and coworkers used in their analysis.

To obtain a better description of the fluid, we need to con-
sider £ more carefully. The short-wavelength response of a
fluid is governed primarily by the repulsive part of its interac-
tion potential (Weeks et al., 1971), that is, for gd > 7, h(q) =
h’ef(q) where d is the diameter of the repulsive core of a
molecule in the fluid. When only short-wavelength fluctua-
tions contribute significantly to the free energy, standard lig-
uid-state theories, such as the mean spherical approximation
(MSA), work well. This suggests that we should use a liquid-
state free-energy model, like that of the MSA, fM54, as an
approximation for f). However, while the function f’ ac
counts only for short-wavelength fluctuations, f™* includes
both short and long-wavelength fluctuations, although the
long-wavelength fluctuations are given crudely. Therefore,
before we add contributions from long-wavelength fluctua-
tions calculated from renormalization methods, we nced to
subtract the MSA’s estimate for the contribution of long-
wavelength fluctuations. To do so, we choose the following
form

fO=fMA LY a,,pp,. (18)

@y

The second term, Zaﬂ7 Py P> in Eq. 18 subtracts the long-

(24
wavelength contribut?ons provided by the MSA. However, Eq.
18 gives only a crude approximation, because the second term
in the equation only subtracts the g = 0 contribution,
- Zaw p, p,- Therefore, in addition, it is necessary also to

ay
subtract the contributions from fluctuations of other wave

numbers g <2w/L.
Substituting Eq. 16 into the functional integral in Eq. 11
yields
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In

JT10yexp{ = p3e [ 1), (19)

Q(l)

where the Hamiltonian, JC. is given by

Ll’ é(l’
e p] =Y yfd rVp"(r) - Vpy (1)

ay

oy

+[d~*r[f<”( p(1) = L, pl’(r)p"(r)]. (20)

In general, a Hamiltonian, JC, relates the energy of the
system to the density distributions of the various components
in the system. To obtain the partition function, =, from the
Hamiltonian, one must integrate over all possible shapes of
the functions p,(r). However, the integration in Eq. 19 is
restricted to density distributions, p{’(r), which are smooth
on length scales less than L. Over distances less than L,
p{"%(r) should be nearly constant because those portions of
the density profiles that are not smooth were already inte-
grated when the variables p{’)(r) were integrated to obtain
F ). Therefore, 3¢ is a partially integrated version of 3¢
in which fluctuations of wavelengths less than L have been
“averaged out.” This process can be thought of as dividing
the fluid into several boxes of volume L°. Within each box,
we microscopically average over all the properties. The den-
sity distributions, p{*(r), are the average density inside each
box, because the small-wavelength variations of the actual
density profile, p_(r), inside each box have been averaged by
integrating over p{"(r).

If L> ¢, different boxes are essentially decoupled from
each other, and the functional integral in Eq. 19 can be fac-
tored and easily evaluated. The free energy of the entire sys-
tem is the sum of the free energies of each box in the system.
The second term in Eq. 20 represents the sum of the free
energies of each box, and the free energy of the entire system
is the integrand of the second term.

However, if L < £, the situation is different. In this case,
boxes that are separated by less than distance ¢ are signifi-
cantly coupled with each other. We can no longer write the
free energy as a simple sum of the free energies of all boxes
because the boxes interact with each other. The first term in
Eq. 20 represents the contribution of these interactions. The
functional integral in Eq. 19 is no longer easy to evaluate. As
indicated earlier, one method to evaluate the functional inte-
gral in Eq. 19 is the saddle-point approximation. This yields

PO =90 00r) = a e (o). @D

ay

where superscript (0) denotes that £ is a “‘zeroth”-order
approximation to f. This approximation neglects the effect of
fluctuations of wavenumbers 0 < g < 2w/L. The fluctuations
of wavenumbers g > 2mr/L are accounted for by f. When
L > ¢, the saddle-point approximation becomes highly accu-
rate. In our approximation for f'*’ (see Eq. 18), Eq. 21 re-
duces to the mean-spherical approximation.

A strategy to incorporate fluctuations with wavelengths
greater than L (important when L < &) is gradually to inte-
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grate over larger and larger length scales, starting at L, until
we are averaging over length scales much larger than ¢. That
is, we want to evaluate the following integral

1
exp{* 350(”[ pu')]} _ a[gﬁ(l),exp(_ BSC‘”[ p“’]},
(22)

where p') represents density profiles that are smooth on
length scales L' > L; 3¢ is a Hamiltonian for these density
profiles; and 9 is a normalization constant. The integration
variable p) represents variations of p® between length
scales L and L. That is, we integrate over all density fluctua-
tions of length scales between L and L'.

Equation 22 can be used iteratively to integrate over larger
and larger length scales. As we integrate over larger and larger
length scales, the Hamiltonian, 3", gradually changes, or is
renormalized. Eventually, when L, the length scale for aver-
aging, is much greater than the correlation length, &, the
Hamiltonian does not change anymore. The interaction term
gradually becomes smaller and smaller until it disappears
completely. The free energy of the fluid can then be obtained
from the saddle-point approximation, which is accurate at
these conditions.

The integral in Eq. 22 cannot be performed analytically
and is, in fact, as difficult to evaluate as the integral in Eq. 2.
Approximation methods must be used to evaluate the inte-
gral. However, the advantage of making approximations to
the integral in Eq. 22 is that long-wavelength fluctuations are
taken into account in a much more satisfactory manner, lead-
ing to nonclassic critical exponents. In the next section, we
discuss one method to evaluate this integral, known as the
phase-space cell approximation.

Phase-Space Cell Approximation

As longer and longer wavelength fluctuations are incorpo-
rated into the theory, the free energy gradually changes. The
phase-space cell approximations lead to the following recur-
sion relations that specify how the free energy changes as
fluctuation effects are added.

F7(p) =1 (p)+ 87 )

8f"M(p)=-— k8T nIn’S(p) for 0 < p < pray/2
@'y 1,.(p) o™
3f"M(p)=0 for prax/2 < P < Pruax (23)

where p =1 p, is the total density of molecules in the sys-
tem, pn. 1S the maximum possible density of molecules in
the system, and

kT

= W (24)

n

£ P Pu
f,z_i(p):fo dxfodxzfo dx, exp[ — G, .( p,x)/K,,]
i=s,1 (25)
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2Gn,i( pvx)=fn,i(p+x)+f‘n,i(p_x)_2fn,i( P)

i=gs,l

(26)

Fu(P)=F"D(p)+ Xa,,p.p, (27)
ay

) Ly \*
) =100+ Ta b3 ) upy 09

A derivation of this recursion relation is given in the Ap-
pendix: it is based closely on the work of Wilson (1971b),
White and Zhang (1995), and Battle (1994). The density fluc-
tuations are written as an expansion in basis functions gener-
ated by translations and dilations of a single wavelet func-
tion, 4, (see Appendix and Battle (1994) for details). Param-
eter A, is the average gradient of the wavelet, that is,

JdPrvu,(r) -, (r) = A, (29)

This average gradient should depend only on the particular
wavelet functions, ,, chosen and not on the potential func-
tion. These parameters are adjusted to fit experimental criti-
cal data.

In our work, the initial approximation for the Helmbholtz
energy per unit volume, £, is given by Eq. 21. It is assumed
that fluctuations with wavelengths less than L are well ac-
counted for by f©, In this work, we choose L = 5.10 A.

To include long-wavelength fluctuations in the free-energy
model, we begin with an approximation for f” (e.g., Eq. 21).
The free energy f© neglects fluctuations of wave number
0 < g <2m/L. By inserting f® into the recursion relations,
Eqgs. 23-28, we obtain successive approximations to the
Helmbholtz free energy per unit volume, f), each containing
the contribution of fluctuations of larger and larger wave-
lengths. The free energy f contains fluctuation contribu-
tions from wavenumbers 0 < g < 2w/A2"L). In principle, we
should use f® as our final free energy. In practice, the free
energies are nearly identical for n > 5; therefore, we use f©
as our “final” free energy.

The calculations in the recursion relations must be per-
formed numerically. The initial free energy is computed on a
density grid with spacing A p, = 0.0025(6/7d>) for each com-
ponent «, where d,, is the hard-sphere diameter of compo-
nent a. The integral in Eq. 25 is performed using the trape-
zoid rule. The final free energy is fit using a piecewise-smooth
cubic spline; the pressure and chemical potential were com-
puted from the free energy using derivatives of the spline fit.
A computer program that renormalizes the free energy ac-
cording to the recursion relations is available upon request
from the authors.

Application to Single-Component Systems

For interactions between molecules we use the square-well
potential. The reference potential is a hard-sphere potential,
given by

ufef(r)={°° r<d (30)

0 r>d,
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where d is the diameter of the repulsive interaction. The per-
turbation potential is

, —€ r<Aid
“(’)z{o r>\d, G
where € is the depth of the attractive potential, and A is a
constant related to the range of the attraction.
For this potential, parameters a and ¢ (see Egs. 5 and 10)
are given by

27 3
a=~3—s/\d (32)
2 1o
4 =§/\d. (33)

The Helmholtz energy per unit volume, f, is written in the
form

f=F— p%ebF(k,T divided by e,7.1),  (34)

where b =7d>/6 is the volume of a molecule; 5 = pb is the
packing fraction of spheres in the system; and f™' is the
Helmbholtz energy per unit volume of the reference fluid. The
reference system is a hard-sphere fluid with diameter d. The
properties of the reference system are given by the Carna-
han-Starling (1969) equation of state. The formula for § is
too lengthy to reproduce here; it is given in Egs. 13, 15, and
16 in Tang and Lu (1994).

To describe the properties of real fluids, we fit the square-
well fluid interaction parameters, e and d, to selected experi-
mental data at fixed A. Because the MSA accurately de-
scribes the properties of a fluid away from the critical point,
we fit the interaction parameters to experimental liquid-phase
densities and vapor pressures for temperatures 20% below
the critical temperature, and to experimental density (PVT)
data for temperatures 20% above the critical temperature.
We obtained parameters for methane, carbon dioxide, and
n-butane. Experimental data for pure methane are from Var-
gaftik (1975) and Kleinrahm and Wagner (1986); data for car-
bon dioxide are from Vargaftik (1975); data for n-butane are
from Younglove and Ely (1987). Parameter A, was chosen
to reproduce the experimentally observed critical tempera-
ture. The parameter A was chosen to yield the correct critical
pressure after the fluctuation corrections had been applied.

To achieve a satisfactory fit for carbon dioxide and #-
butane, we need a temperature-dependent well depth, €. We
choose the following form

9}

€=€(m+—i‘:2“. (35)

Parameters for methane, carbon dioxide, and n-butane are
given in Table 2.

Lue and Prausnitz (1998) compare predictions of the MSA
and the MSA with renormalization-group corrections (MSA
+RG) with experimental data for vapor-liquid coexistence
curves, vapor—pressure curves, and pressure—density iso-

1460 June 1998 Vol. 44, No. 6

Table 2. Fitted Square-Well Parameters for Three Fluids
when L =510 A

Methane Carbon Dioxide n-Butane

(A=120) (A=9.15) (A =10.6)
€™ (MJ/mol) 8.75%x10°* 1.62x 1077 226%x1077
e (MJ/mol-K?) — 4.92 13.4
o (A) 353 3.48 4.86
A 1.75 1.65 1.65

therms for these pure fluids. The comparison shows that the
RG correction very much improves agreement with experi-
ment in the critical region.

Application to Fluid Mixtures

The mean-spherical approximation can be extended to
multicomponent systems. In addition, the perturbative-solu-
tion method has been extended (Tang and Lu, 1995) to mix-
tures. However, the resulting formulas are cumbersome and
the computation time required for evaluation rises dramati-
cally with the number of components. Therefore, to simplify
calculations, we approximate the Helmholtz energy per unit
volume of the mixture, f, as

f:fref‘Zpapayfybayg(kBTVan’n’/\ay)’ (36)

ay

where b,, =7d,. /6, and n=X%, p,b,,. The reference sys-
tem is an additive hard-sphere fluid with diameters d,. The
properties of the reference fluid are given by the Mansoori-
Carnahan-Starling-Leland (1971) equation of state.

The square-well interaction parameters between unlike
species are obtained from the parameters between like species
by

€ay =V E & (1-Kay) (37)

1

da7='i(da+dy) (38)
1

’\ay = —2-()\& + )\y). (39)

The single binary parameter k,, is fit to equation-of-state
data for temperatures greater than 20% of the higher critical
temperature and to mixture phase-equilibrium data with less
than 0.1 mole fraction of the component with the higher criti-
cal temperature in the liquid phase for temperatures lower
than 20% of the higher critical temperature.

Vapor-liquid phase-coexistence data for carbon
dioxide/n-butane mixtures are from Olds et al. (1949), Naga-
hama et al. (1974), Kalra et al. (1976), Brown et al. (1989),
Pozo de Fernandez et al. (1989), Shibata and Sandler (1989),
Traub and Stephan (1990), and Weber (1989); data for
methane/carbon dioxide mixtures are from Reamer et al.
(1944), Arai et al. (1971), Davalos et al. (1976), Hwang et al.
(1976), Mraw et al. (1978), Al-Sahhaf et al. (1983), Somait
and Kidnay (1983), Xu et al. (1992), and Bian et al. (1993):
data for methane/n-butane mixtures are from Sage et al.
(1940), Roberts et al. (1962), Chen et al. (1974), Elliot et al.
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Table 3. Binary Parameters for Binary Mixtures of Methane,
Carbon Dioxide, and n-Butane

Ky A
Carbon dioxide/n-butane 0.185 17.6
Methane /carbon dioxide 0.0747 25.6
Methane/n-butane 0.0995 17.9

(1974), and Kahre (1974). Equation-of-state data for carbon
dioxide/n-butane mixtures are from Olds et al. (1949); data
for methane /carbon dioxide mixtures are from Reamer et al.
(1944); data for methane/n-butane mixtures are from Reamer
et al. (1947).

After fitting the parameter k,,, the parameter A, is ad-
justed to give a reasonable fit to a pressure-composition en-
velope at a particular temperature. Table 3 gives these pa-
rameters for each of the mixtures studied here. Critical coor-
dinates for the mixtures are not used as input data.

Figures 1, 2 and 3 show pressure-composition envelopes
for carbon dioxide/n-butane, methane/carbon dioxide, and
methane/n-butane mixtures, respectively. The symbols are
experimental data; the dashed lines are predictions of the
MSA,; and the solid lines are results of the MSA with renor-
malization-group (MSA +RG) corrections. The MSA pre-
dicts a much larger two-phase envelope than that observed
experimentally. The MSA + RG predictions are in much bet-
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Figure 1. Pressure-composition envelopes for carbon
dioxide/ n-butane mixtures.

(1) Expcrimental data (symbols); (2) mean-spherical approx-
imation (dashed lines); and (3) mean-spherical approxima-
tion with renormalization corrections (solid lines) (experi-
mental data from Olds et al. (1949)).
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Figure 2. Pressure-composition envelopes for meth-
ane/carbon dioxide mixtures.

(1) Experimental data (symbols); (2) mean-spherical approx-
imation (dashed lines); and (3) mean-spherical approxima-
tion with renormalization corrections (solid lines) (cxperi-
mental data from Arai et al. (1971)).

ter agreement with experimental data. Far from the critical
region of the fluid mixture, the predictions of the MSA and
the MSA +RG coincide. The predictions of the MSA +RG
can be adjusted by changing parameter A,,. Decreasing A,
decreases the two-phase region.

Figure 4 shows the variation of phase densities with pres-
sure for carbon dioxide/n-butane, methane/carbon dioxide,
and methane/n-butane mixtures, respectively. The symbols
are experimental data; the dashed lines are predictions of the
MSA; and the solid lines show results of the MSA + RG. Pre-
dictions of the MSA +RG are in better agreement with ex-
perimental data than those of the MSA.

Figures 5, 6 and 7 present pressure-density isotherms at
several compositions for carbon dioxide/n-butane, methane/

31083 K AN
344.26 7

Odae

pressure (MPa)

0 , : ‘

0. . 0.4 ) 1.0
mole fraction methane

Figure 3. Pressure-composition envelopes for meth-

ane/ n-butane mixtures.

(1) Experimental data (symbols); (2) mean-spherical approx-
imation (dashed lines); and (3) mean-spherical approxima-
tion with renormalization corrections (solid lines) (experi-
mental data from Sage et al. (1940)).
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Figure 4. Phase densities for (a) carbon dioxide/
n-butane; (b) methane/carbon dioxide; and
(c) methane/ n-butane mixtures.

(1) Experimental data (symbols); (2) mean-spherical approx-
imation (dashed lines); and (3) mcan-spherical approxima-
tion with renormalization corrections (solid lines) (experi-
mental data for carbon dioxide/n-butane are from Olds et
al. (1949); for methane/carbon dioxide from Arai et al
(1971); and for methane/n-butane from Sage et al. (1940).

carbon dioxide, and methane/n-butane mixtures, respec-
tively. For both theories, agreement with experiment is fairly
good. At moderate to high densities both theories underesti-
mate the pressure, but the MSA +RG results are in closer
agreement with experiment than the MSA results. At low
densities, the MSA is in better agreement with experiment;
however, the difference in the predictions of the MSA and
the MSA +RG at these conditions is small. This small differ-
ence could be due to inadequate subtraction of long-wave-
length fluctuations from f¢’ in Eq. 18, or perhaps to inade-
quacy of the recursion relations, Eqgs. 23-28, at these condi-
tions.

Conclusions

In an earlier article (Lue and Prausnitz, 1998), we pro-
posed a method to extend the “global” renormalization-group
corrections of White and coworkers for pure fluids to a wider
region of densities and temperatures. In the present work, we
extend our method to multicomponent fluids. To illustrate
engineering applicability, we combine our method with the
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Figure 5. Equation of state for carbon dioxide/n-butane
mixtures for (a) T=444.26 K, and (b) T =
510.93 K.

(1) Experimental data (symbols); (2) mean-spherical approx-
imation (dashed lines); and (3) mean-spherical approxima-
tion with renormatization corrections. The variable x is the
mole fraction of carbon dioxide in the mixture (experimen-
tal data arc from Olds et al. (1949)).

mean-spherical approximation to produce an equation of state
for fluid mixtures valid near to and far from their critical
points.

The MSA + RG results are in better agreement with exper-
imental data than the MSA results. Far from the critical re-
gion of the fluid mixture, the predictions of the MSA and the
MSA +RG coincide. Predictions of the MSA+RG can be
adjusted by changing the parameter A,,. Decreasing A, de-
creases the two-phase region.

The predictions of the MSA and the MSA +RG for the
equation of state of the fluid mixture is fair. At moderate to
high densities the MSA +RG yields better agreement with
experiment than the MSA. However, at low densities, the
MSA yields slightly better agreement with experiment. Over-
all, the MSA + RG results are better than those from the un-
corrected MSA fit.

However, it is important to stress that modest agreement
between theory and equation-of-state data is not primarily
due to inadequacy of the renormalization corrections but, in-
stead, to inadequacies in the base equation of state.

In this work, we use the MSA; however, in general, any
model for the free energy can be used. The main direction
for future improvement is first, to find a better reference
equation valid at conditions not near critical; and second, to
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Figure 6. Equation of state for methane/carbon dioxide
mixtures for (a) T = 377.59 K and (b) T = 510.93
K.

(1) Experimental data (symbols); (2} mean-spherical approx-
imation (dashed lines); and (3) mean-spherical approxima-
tion with renormalization corrections (solid lines); the vari-
able x is rhe mole fraction of methane in the mixture (ex-
perimental data are from Reamer et al. (1944)).

find a better way to subtract the long-wavelength approxima-
tion for the free energy contained in the reference equation.

The major advantage of our method is that it is not limited
to type 1 fluids. In principle, it can be applied to any binary
or higher multicomponent mixture, provided that a reliable
equation of state exists for representing the properties of the
fluid mixture at conditions remote from the critical region.
Although we only examined vapor-liquid phase equilibria,
our method can be used to study any type of fluid—phase
coexistence behavior, including liquid—liquid phase equilib-
ria.

The major shortcoming of our method is the numerical
evaluation of thc multidimensional integral in the recursion
relation (Eq. 25). The dimension of the integral is equal to
the number of components of the fluid. The more compo-
nents in the fluid, the more computationally expensive the
evaluation of the integral. Before this method can be of prac-
tical use for fluids with many components, it will be necessary
to develop an efficient method to evaluate this multidimen-
sional integral.
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Notation

q = Fourier transform variable
Q= normalization factor

v= generalized chemical potential
A=reduced square-well width

Subscripts

k, s,t= molecule number
T= species type
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Appendix: Derivation of Recursion Relations

To perform the integration in Eq. 22, we first need to de-
fine precisely what is meant by a smooth density profile at
length scale 1.. To do this, each density distribution, p,, is
expanded in terms of the basis functions, " (r). These ba-
sis functions are constructed from translations and dilations
of a single function, . That is,

r
5700 = 57 m). (a1)

where m and [ are integers. We require that the functions ¢,
satisfy the following properties (Battle, 1994):
1. ¢, is nearly zero outside the cube

e =[0,1]x[0,1]x[0,1].

2. The functions ¢{"" are orthogonal with respect to the
Sobolev norm,
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(A2)

Jd V6D () V() = L) 8 1y By By
where & is the Kronecker delta, and Am/ is a normalization
factor that depends on the particular definition of the func-
tions (™",

3. J¢(r) =1 in the cube €.

4. [ed’ry,(r)=0, where the subscript @ on the integral
sign means that the domain of integration is the cube €.

Any function that has a finite Sobolev norm can be repre-
sented in terms of these basis functions. For example, the
density distribution, p,(r), can be expressed as

o«

palr)="2 X PIOym(r).

m=—-%]=—-x

(A3)

If p& is a density distribution that is smooth on length
scale 2L, the density can be expressed as (Battle, 1994)

p(r) =2 X P (r).

m I'>1

(A4)

From this expansion, we find that the density at length scale
2'~1L can be related to the density at length scale 2°L by

PLI_I)(’) _ pél)(r) + ZPLSmI)'J’;m[)(r)' (AS)

The Hamiltonian at length scale 27 'L, 3¢~V can be de-
termined from the Hamiltonian at length scale 2'L, 3" by
integrating over the expansion coefficients P™"

exp{ - B 1)

1
= a/]_[dP;m“exp{~ B3 p¢-1]), (A6)

where U is a normalization constant to be discussed later,
and the Hamiltonian is defined as

2
a
O p]= L —“gg“’ JErved(r) ol (r)
ay

+ [@f O pI(r)). (A7)

Substituting Eq. A5 into the gradient term of the Hamilto-
nian, we find

J&rpl D (r) o= (r) = [dr¥p{(r) -V (r)
+ 1 [d* PNl D(r) Sy (r)
+ Z fd?:rPDEm/)Py(m’l)VlJl(ml)(r).le(m'l)(r)
mm'

(A8)

ay?

= [d*rVpl(r) -Vp{(r) + (2'L) ¥ PP
m

where we have made use of Eq. A2.
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Substituting Eq. AS into the first term of the Hamiltonian,
we find

fd3'7c(l—1)( p“‘ ”(r))

=/d3rf<””( pO(r)+ ZP(”‘”l/’w")(r))- (A9)

m

Requirement (1) states that the function y,(r) is approxi-
mately equal to zero outside the cube €. Combined with Eq.
A1, this implies that the functions {"")(r) are approximately
equal to zero outside the cube

e —[2'Lm 2'L(m; + )] X [2'Lm,.2'L(m, +1)]

X [2'Lmy. 2'L(my +1)].

Therefore, the integral can be divided into a sum of integrals
over each cube @), This yields

e A A (O]

-T

m “boxm

E'f(l 1) ‘”(r)+P‘"ll)-l!l(”’["(r)].

Requirements (3) and (4) imply that over half of the cube
e y™(r) =1, while in the other half ¢(»)= - 1. With
this we find that

fd‘%'f“’ 1)( p“" ”(r))

@y
2

Z [f(lfl)( p([)(zan_l)+ P{ml))

m

+ 4D p2iLmy— P0)]. (A10)

Introducing Eqs. A8 and A10 into Eq. A6, we find

{ B[ <1>] =—fl—[d » exp{* gact V[ ptt- 1>]}

Tm

Ay £ AR ,
=exp{—z 2 yfd3erfl”(r)-Vp;”(r)}XE/HdP‘,“"”

ay
3

@By (2B
xexp{— LD D W LIV
ay m =

XZ [f([—])(p([))(zle)+P(m/)+f(l~ 1)([)(”(21[,)7’1)’1)(”'”)]}

=eXP{—Za

a ga
Y 7[{13 Vp(/)(r).vg(/)(r)>
ay

m ay

A 2
[[ I_IdP<m1>exp{ -@'Ly's [ ¥ e ( ;Z )

1466

June 1998  Vol. 44, No. 6

1
X ])((Y:rzl)Py(/»zl)+ 5[,)“(17”( ptl)(zan,l)+ P(m/))
_f(/ﬂ)( p”’(Z’Lm)— P(m/))]]}] _ BJC”’[ pm]
=-X ”“”’/d rVp(r) - Spl(r)

ay

=Y [ p@Lm)) s | p(2'Lm)]] (A1)

where

1 A 4
I'( p)=g/ﬂd&cxp{-(z’m“ﬁ[i e ( - ) PP,

ay

5[ e+ Py (B P

ut—-

—f“”(p)}-

(A12)

Because the density profiles, p!’, are fairly constant on
length scales less than 2’L, the system can be considered as
being divided into cubes of width 2/L. Integrals can be con-
sidered as sums with diffcrential volume element d*r = (2'L)*,
and we can make the replacement £, (2L)* = [d*r. Per-
forming this substitution yields

g pt]= - x /d rVp(r) - Vp(r)

oy

~ [dr| 1 O p(r))

D] (A1)

Comparing this expression with the definition of the Hamil-
tonian (sce Eq. A7), we find

T
fO(p)= f“'”(p)+ oy sInl'(p).  (Al4)

To determine the 91, we use the procedure of White and
coworkers. If perturbation potential U,‘;’y’(r) is equal to zero,
then the free energy should be fully accounted for by the
function f. The renormalization procedure should there-
fore leave the free energy unaffected. This implies that

oy

N = fﬂd&exp{%z‘l)“ﬁ[z—ﬂa P,

pst

S o e Py M= P | -

( p)}

(A15)

ul

This process results in the recursion relations defined in
Eqgs. 23-28 to determine the long-wavelength fluctuation cor-
rections to the free energy of a fluid.

Munuscript received Sept. 8. 1997, and recision received Mar. 18, 1998.
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